We study three different types of electrical circuit equations using fractional calculus and various definitions of fractional derivative therein. Using plotting tools, we compare different types of solutions of each equation among themselves as well as with its classical solution.
Introduction
Fractional calculus has seen many advancements over the past years and we find that many classical physics models are today being analysed using fractional differential equations. The theory and applications on such analysis can be found in several studies. [1] [2] [3] Here, we cover the basic equations of electric circuits involving resistors, capacitors and inductors. We analyse the following equations for three different types of circuits 4 I 00 (t) + 1 LC I(t) = 0 ð1Þ
where I(t) is the current in the circuit at time t, L is the inductance, C is the capacitance, R is the resistance and V is the voltage drop across the circuit. Equation (1) represents the LC (inductor-capacitor) circuit, equation (2) represents RC (resistor-capacitor) circuit and equation (3) represents LR (inductor-resistor) circuit. Some preliminary numerical results for RLC circuits are presented in Atangana and Nieto 5 and some extensions to fractional electric circuits in Atangana and Alkahtani. 6 For a more detailed analysis of fractional circuits, we refer the reader to Kaczorek 7 and the monograph. 8 We aim to solve equations (1)-(3) using fractional calculus and compare the results with classical solutions.
Preliminary results
While using fractional calculus, one has many choices for definitions of fractional integral as well as fractional derivative. Since we want to analyse the electric circuit differential equations using more than one type of fractional derivative, we consider the following approaches for the same, where the order of differentiation is always positive. Definition 1. For a function f given on interval ½a, b, the Riemann-Liouville fractional-order derivative of order a(n À 1\a n) of f is defined by
provided the right-hand side is defined for a.e. t. For example, f 2 L 1 (a, b) implies that the RiemannLiouville fractional derivative is well defined for f.
We define AC n (½a, b) as a space of functions f such that f is absolutely continuous.
The Caputo-Fabrizio fractional integral was previously introduced by Caputo and Fabrizio. 11 Now, we present the generalized Mittag-Leffler function denoted by E a, b and defined as
where Y is a contour, which starts and ends at À' and encircles the disc l j j z j j 1=a counterclockwise.
Lemma 1. Let a.0, n = a d e and l 2 R. The solution of the initial value problem
where q 2 C½0, b is a given function and can be expressed in the form
Remark 1. In the case 0\a\1, we can rewrite the solution of problem (4) in the form
Lemma 2. For a differentiable function f defined on ½a, b, we can relate its Riemann-Liouville and Caputo fractional-order derivatives as follows
where a 2 R + and n À 1\a n.
Lemma 3. Let 0\a\1. Then, the unique solution of the following initial value problem 10 CF D a f (t) = s(t), t ! 0
where I 1 s denotes a primitive of s and
RLC circuits
In this section, we apply various approaches of fractional calculus to equations (1)-(3) and obtain some results of comparing their solutions with the corresponding classical solutions.
LC circuit
Only charged capacitor and inductor are present in the circuit and its differential equation is given as follows
with I(0) = I 0 and I 0 (0) = 0. We will represent 1=LC as v 2 0 here onwards. The classical solution of equation (5) is
Now, to analyse equation (5) Riemann-Liouville derivative. Now, equation (5) becomes
Using Lemmas 1 and 2, the solution of equation (7) is given by
Caputo derivative. Now, equation (5) becomes
Using Lemma 1, the solution of equation (9) is given by
Caputo-Fabrizio derivative. Now, equation (5) becomes
Using Lemma 3, the solution of equation (11) is given by
I(t)
Graphical comparison. Figure 1 shows the plots for equations (6), (8), (10) and (12). As it can be clearly seen, for a = 1:5, all three fractional derivative graphs behave similarly and show damped oscillation eventually reaching to 0. Whereas the classical approach graph represents a simple harmonic oscillation (cosine curve). But when we take a = 1:999 (Figure 2 ), classical, Riemann-Liouville and Caputo derivative graphs overlap each other representing the harmonic oscillation in the values of current as time progresses. Even in this case, the Caputo-Fabrizio approach shows damping and behaves very differently from other graphs.
RC circuit
Only charged capacitor and resistor are present in the circuit and its differential equation is given as follows The graphs representing Riemann-Liouville fractional derivative cases are approximations of the corresponding solutions.
with V (0) = V 0 . The classical solution of equation (13) is
Now, to analyse equation (13) using fractional calculus, we replace (Caputo) and CF D a V (t) (Caputo-Fabrizio) derivatives where a 2 (0, 1 Riemann-Liouville derivative. Now, equation (13) becomes
Using Lemmas 1 and 2, the solution of equation (15) is given by
Caputo derivative. Now, equation (13) becomes
Using Lemma 1, the solution of equation (17) is given by
Caputo-Fabrizio derivative. Now, equation (13) becomes
Using Lemma 3, the solution of equation (19) is given by
Graphical comparison. Figure 3 shows the plots for equations (14), (16), (18) and (20). As it can be clearly seen, for a = 0:5, classical and Caputo-Fabrizio fractional derivative graphs behave similarly and eventually reaching to 0. Whereas the Riemann-Liouville and Caputo fractional derivative graphs start similarly like the previous two, but later go to negative infinity as time moves forward. But when we take a = 0:999 (Figure 4) , classical, Riemann-Liouville, Caputo and Caputo-Fabrizio derivative graphs overlap each other representing the simple decay of voltage in the circuit as time progresses. Even in this case, the initial value for Riemann-Liouville does not coincide with V 0 due to the presence of 1/t in its formula. 
RL circuit
Only resistor, inductor and a non-variant voltage source are present in the circuit and its differential equation is given as follows
with I(0) = I 0 and V is the constant voltage source. The classical solution of equation (21) is
Now, to analyse equation (21) The graphs representing Riemann-Liouville fractional derivative cases are approximations of the corresponding solutions.
Using Lemmas 1 and 2, the solution of equation (23) is given by
Caputo derivative. Now, equation (21) becomes
Using Lemma 1, the solution of equation (25) is given by
Caputo-Fabrizio derivative. Now, equation (21) becomes
Using Lemma 3, the solution of equation (27) is given by
Graphical comparison. Figure 5 shows the plots for equations (22), (24), (26) and (28). As it can be clearly seen, for a = 0:5, none of the four graphs shows any similarity in their behaviours. All the three fractional derivative graphs show varied divergence from the classical approach graph sometimes tending to positive/negative infinity. But when we take a = 0:999 (Figure 6 ), classical and Caputo-Fabrizio derivative graphs overlap each other representing exponential increase and then a steady state for the values of current as time progresses. The Caputo fractional derivative graphs coincide with the classical one but diverges to very large positive values as time progresses whereas the Riemann-Liouville graph shows no similarity at all.
Conclusion
We have applied the fractional derivative definitions and concepts on electrical circuit equations and compared them with their classical counterparts. As observed after studying the comparison graphs, we can state that fractional calculus acts as a generalization to the classical calculus. Such analysis can be further applied to other physical models to develop a better understanding of use of fractional calculus in real-life problems. The graphs representing Riemann-Liouville fractional derivative cases are approximations of the corresponding solutions.
